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f"^ , Abstract 

A nonperturbative approach for spontaneous symmetry breaking is 
proposed. It is based on some properties of interacting field operators. 
As the consequences an additional terms like to m 2 A 2 appears in the 
initial Lagrangian. 



Qh! 1 Introduction 



One of the most astonishing results of quantum field theory is spontaneous 
symmetry breaking. One can say that it is the situation when something arises 
from the quantization. This means that on the quantum level one has something 
that was not present on the classical level. Coleman and Weinberg Q write : 
"... higher-order effects may qualitatively change the character of a physical 
theory ... " . The main goal of the Coleman- Weinberg mechanism is to de- 
rive a Higgs potential from more fundamental principles, with as few arbitrary 
parameters as possible. In this mechanism the Higgs potential is induced by 
radiative corrections, rather than being inserted by hand. In this approach one 
can summarize over higher-loop graphs to induce an effective potential, which 
may then produce spontaneous symmetry breaking. Of coarse, it can be only 
in the theories with interactions (where we have these higher-loop graphs) : 
i.e. a nonlinearity (in Lagrangian) can lead to the interesting consequences for 
quantized theory. It is not very surprisingly because on the classical level we 
have the same : very simple behavior of a classical linear theory can be changed 
on the very complicated and surprising behavior of a classical nonlinear theory. 
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For example, in nonlinear theories we have monopolcs, instantons, black holes, 
strange attractors and so on. On the quantum level we can expect once more 
amazing stuffs if we add some nonlinear terms in Lagrangian. Probably one of 
such manifestations of a nonlinearity is confinement in the QCD. 

The problem here is that we do not have detailed techniques for the nonper- 
turbative calculations. Even on the perturbative level we do not sure that the 
result after the sum over all Feynman diagrams will the same as after the sum 
over a finite number of Feynman diagrams. Nevertheless, according to pertur- 
bative calculations we know that they change an initial Lagrangian so that an 
extra potential term arises in the Lagrangian (Coleman- Weinberg mechanism). 

In this paper we work out a nonpertutbativc method which can be applied 
for strongly interacting fields and to show that extra terms (or nonperturbative 
spontaneous symmetry breaking) appear in an initial Lagrangian if the product 
of field operators have some properties concerning to the rearrangement of the 
brackets in a nonlinear potential term. 



2 Nonlinear term in non-Abelian gauge theories 

Our basic attention here is devoted to the non-Abelian gauge field SU(2) (for 
the simplicity we will consider only this gauge group). The Lagrangian is 

where F° v = d^A^ - d v A a il + ge abc A b ^A c v is the field strength and A 1 ^ is the 
gauge potential; g is the coupling constant; e abc are the structural constants of 
the gauge group SU(2); a = 1, 2, 3. In the quantum case we have the operators 
A° and F° v = d^Al - d v A° + gt abc A^Al. Let us underline that all opera- 
tors considered here are the operators of interacting fields in contrast with the 
perturbative techniques where these operators describe non-interacting fields. 
Let us consider the nonlinear part of the field strength operator F® : 

{Fni)uv = £ ahc A^AI . At first we assume that this product do not have any sin- 
gularity as it is the product of interacting fields. Physically it means that there 
are situations in interacting field theories where these singularities do not occur 
{e.g. for flux tubes in Abelian or non-Abelian theory quantities like the "elec- 
tric" field inside the tube, (E%) < oo, and energy density e(x) — ((E") 2 ) < oo 
are nonsingular) . Here we take as an assumption that such singularities do not 
occur. 

Thus we have such nonlinear term 



(S bd S ce - 5 be 8 cd ) (A^A^ = ( 2 ) 
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Our main assumption is that this nonlinear expression has some properties that 
allows us to say that 

(A°a£) (i Q ^i hl/ ) - ((A^Aty A a ^ A hv ± (3) 

and 

{A h ^A av ^ - A av ± (4) 

and these differences are not connected with the commutator The 
second term in Eq. (^|) after some manipulations with brackets and permutations 
of A^ can be led to {A a ^A a ^)(A h v A bw ). In this case this equation tell us that the 
square of nonlinear part (fni)^ °f * ne ne ^ strength is not equal to the square of 
the vector square A 4 — (A^A 1111 ) 2 , i.e. the r.h.s. of Eq. (Q) is nonzero. In some 
sense it is like to Cooper pairing in the superconductivity. The initial potential 
term for electrons is (i^i^aj V>/3^ and after some manipulations we have 

yP-y'&t^) where every pair of brackets (••■)(''') nas an independent 
physical meaning : each pair describes annihilation and creation of Cooper pair. 
We note that these pairs were not present in the initial Lagrangian. Another 
words, at first we had electrons and then Cooper pairs. 

_ The differences (§) (|) are connected only with the nonlinearity of the term 
(Fni) 2 - In order to calculate this difference we will consider at first a very simple 
example. 

3 Simple example 

Let a and b are operators which have a nonassociative property 

(ab\ (ab\ - ((abj a) b ^ 0. (5) 

In order to calculate this commutations relationship we compare its with the 
ordinary commutators in a linear field theory 

$(x)$(y) - 4>{y)$(x) = -itiD(x - y) (6) 

where 4>{x) is some field operator and D{x — y) is some function. We see that at 
the l.h.s. we have the production of two operators and at the r.h.s. the number 
of operators is (2 — 2) = 0. 

This procedure we would like to apply for the expression (|^). At the l.h.s. 
we have the production of four operators, consequently at the r.h.s. we should 
have the production of (4 — 2) = 2 operators. Thus, we have two possibilities 

(ab)(ab)~((ab)a)b = \{ > [ l h = % . (7) 
WW VI J J [X 1 a 2 + X 2 b 2 7 ifb^a. W 
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The next simple example is for the vectors A^. Let us determine the following 
relation 

(^)(»)-((^)>)-^{l'lr,T t ;„. « 

Here and up to end we will write ^ if there is the sum, consequently in this 
equation (0) we have not any sum over repeating indices. Now we summarize 
over v 



(9) 



E - E (^M") iM ) i,y = A E ^ = 

v—0 v—0 

After the sum over /z we have 

3 3 

E (^") - E ( iM ) i,y = 3A E ^ ( 10 ) 

/n,i/=0 i/=0 u=0 

We would like to underline again that the differences (pi) ( p^| ) are not connected 
with the commutator [a, b] which can be zero. This is only a manifestation of 
the nonlinearity of the corresponding expression (ab) (ab) . 



4 Non-Abelian case 

Let us come back to more realistic case : non-Abelian gauge theories. We 
suppose that for the first term of the r.h.s. of Eq. we have such equation 

{0, if 6 = a, v = fx; 
A a v A av ', iib = a,v^n; ( n ) 
A^, ilb^a,v = l x; 
A b v A h \ ifb^a,v^ (i. 
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(12) 



Let us remind that here we have not the sum over repeating indices. Using the 
same calculations as in the previous section we have after summarizing over b, v 

J2 (K A l) (A a »A bv ) - J2 ((K A l) Aatl ) Abv = 

6,1/ b,v 

A I KA av + A^A^ + Y A l Ahv 

A I Y A b u A bu - A*A a " 
Finally, after summarizing over a, (i we have 

EE (A" 1 ') ( iQMibl/ 

Cl.fA b,is 



E E ((K A l) Aa ") Abu + uaE 1 ^ 6 



(13) 



a.fj, b,u 



For the next term {A c ^A h v )(A h ' J - A av ) in Eq. (^) we have some modifications. We 
have to calculate the following difference 

E E ( Aa A) ( Ab " Aau ) -EE (( Aa A) Ab ") Aav = ? ( 14 ) 

At first we will consider the next cases with different relations between b, a and 
If b = a and v = /.t 

(ijij) ^A a "A a ^ - (( A °A<i) A a ^ A afi = 0. (15) 
If b = a and v =/= n 

(A^A^j (A a ^A av ^j - (Yi^i?) i aM ) A av = \A a v A a ». (16) 

If b 7^ a and v = fi 

(A°Aty (A b ^A a ^\ - A h ^) A atl = Ai^V. (17) 

If b ^ a and v =/= n 

(A^Aty (A htl A av \ - UA^Aty A b »\ A av = o. (18) 

The relation ( |l8| ) demands more careful discussion. In fact we assume here 
that the difference (1^) is nonzero only if there is at least two identical factors 
(as in Eq's (|I7|)-(|T7)). Let us consider the situation with two identical pairs 
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(A a ^A b ll )(A afl A bv ) . After some permutations of brackets and factors we can de- 
rive (A^ l A atl )(A b J A bv ). If we average some quantum state \Q) we will have 

q\ (A«A b v ) (A^A b ») \q) - (q\ (iji"") (A b u A bv ) \q) = 

\b Abi 



\{Q\ [AlA bv } \QJ + (something) 

here (something) is connected with commutators and permutations of brackets 
for three factors (for example, (A a il A h v )A a > 1 -> A°(A*A a ' i ) and so on). It means 
that the difference ( p^ ) can be nonzero only if a few factors are identical but if 
all factors are different then the first term on the r.h.s. of Eq. ( p"9| ) is absent. 
Physically, one can say that the quantum correlation between four different 
components of the vector potential is the same for any combination of brackets 
(with an accuracy of the second term in Eq. (fl9|)). 

In view of Eq's (JT^)-([l^) the sum over b, v in Eq. ([u]) give us 

]T (A* A b u ) (A b »A av ) - ]T A b ») A av = 

b.u b,v 

x I ^°»^ av + Y A l Ahl = A ( Y A * Aav + Y - ) 

b^a J \ V b ) 

Now we can summarize over a, n and Eq. ( |l4| ) has the following form 

Y, Y ( Aa A) (^A a ») ~YY {{ Aa A) Ab ^) Aav = 



(20) 



a,ft b.v a,ii b,v 



A 4 Y A ^ Aav + 3 Y A l Ahl ~ 2 Y A l Aatl = 5A Y K Aa>l - 

\ a,f b,fi a, (j, J a,fi 

Consequently 

i aM ) A bv - ((i^i*) Abf *) Aav + 6Ai; t i a " 



(21) 



(22) 



here we again restore the ordinary rule for the sum over repeating indices. It 
is evidently that our extra term (6XA^A afl ) breaks the initial gauge symmetry 
of given Lagrangian ([j]) and consequently it is similar to Coleman- Weinberg 
symmetry breaking but on the nonperturbative level. 

It is necessary to note that all these calculations (|TT|)-(p^) was done for the 
fields in one point (x). 
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5 Some explanations 



Now we would like to explain why we need with equation (|22|). Let us assume 
that we have a quantum state \Q) and the action of the field operator on 
this state is |4>i) = A^Q). For the nonlinear term the problem is that we do 
not know the action of this term by the direct way 



(23) 



because we do not know the action of the operator {A a ^A bv ) on the quantum 
state \Q). In order to determine the action (23) we need for the following 
transformations 



A a ^A b „ \[A at *A 



\Q) 



A a ,A[ 



A a ") [A bv \Q) 



(A^Al) = 1" (i£|*2>) = i; t |$3> = 1*4) 



(24) 



where |$i) = A a \Q) and so on for every i = 2,3,4. 



6 Discussions and conclusions 

In this paper we have shown that a nonlinear potential in quantum non-Abelian 
gauge theory can lead to the appearance of some extra terms in Lagrangian. In 
Ref. it is shown that Ginzburg - Landau equation can be derived from a pure 
non-Abelian gauge theory. There was assumed that the quantization of such 
theory leads to the appearance of m 2 j4 2 -like term in the initial Lagrangian. In 
this paper we suggested a nonperturbative mechanism for this phenomenon. 

A possibility that the operators of quantum fields with a nonlinear potential 
can have nonassociative properties was investigated in Ref. || . In this paper 
we continue this approach but there is one very essential disctinction : we 
assume that the remainders in Eq's (^) (Q) are not a numerical function but is 
an operator which is the product of fields operators. 

In Ref's g it is shown that a Meissncr-like effect in non-Abelian gauge 
theories arises. There was applied a nonperturbative quantization techniques 
based on the Heisenberg's approach to a nonlinear spinor field. Heisenberg's 
idea is to use field operator equations for receiving an infinite equations set 
for all Green's functions. In this paper (remaining in the frame of Heisenberg's 
approach) we show that this nonperturbative mechanism leads to spontaneously 
symmetry breaking. 

Finally, we would like to say that probably nonperturbative quantum field 
theory with a strong interaction will have very unusual and unexpected prop- 
erties in contrast with quantum field theory with a small coupling constant. 
This difference is similar with the difference between analytical and differen- 
tiable (but nonanalytical) functions. The first case is similar to a quantum 
field theory with a small coupling constant, where we can expand a function in 
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Taylor-series which for the quantum theory is Feynman diagrams. In the sec- 
ond case a function can not be expanded in any Taylor-series and respectively 
Feynman techniques can not be applied for such kind of quantum field theories. 
Probably, the QCD belong to the last case that leads to the fact that confine- 
ment can not be explained on the language of Feynman diagrams. In this case 
one can say || that " fields are primary to particles" . 

Our opinion is that in this case we can use the Heisenberg's nonperturba- 
tive quantization method |J. Something like this takes place in the classical 
case : the nonlinear classical theories have such nonperturbative phenomena 
as : self-ogranisation, monopoles, instantons, black holes, strange attractors 
and so on which are absent in linear theories and they can not be derived by 
the perturbative way. 
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